Abstract-This paper investigates the problems of reachable set estimation and synthesis for periodic positive systems with two different exogenous disturbances. The lifting method and the pseudoperiodic Lyapunov function method are adopted for the estimation problem. The reachable set bounding conditions are proposed by employing Lyapunov-based inequalities and the S-procedure technique. Two optimization methods are used to minimize the bounding hyper-pyramids of the reachable set. In addition, the state-feedback controller design conditions that make the reachable set of closed-loop systems lie within a given hyper-pyramid are derived. Finally, numerical examples are presented to illustrate the validity of the obtained conditions. Index Terms-Hyper-pyramid, periodic positive systems, reachable set estimation, S-procedure, state-feedback control.
for time-invariant plants [1] , [2] . Because of the theoretical and practical importance of periodic systems, problems concerning periodic systems have been studied in [3] and [4] . Recently, periodic systems with positive characteristics have attracted increasing attention from researchers. Systems are called positive if for any non-negative initial conditions and input signals, their states and output signals stay in the nonnegative orthant. Bougatef et al. [5] and Rami and Napp [6] investigated the stability and stabilization problems of discretetime periodic positive systems. Periodic positive systems with time delays were considered in [7] for the stability analysis problem. For readers who are interested in the research results of periodic systems, see also the monograph [8] .
As a fundamental concept of control theory, reachability has received growing attention in recent years. The reachable set of a system is defined as the set of all system states that are reachable from the origin under given system inputs. In most cases, the exact characterization of the reachable set for a system is impossible. A common strategy for studying the reachable set is to find a region that is as small as possible to bound the reachable set. The estimation criteria for seeking the bounding ellipsoids for the reachability of linear time-invariant systems (LTIs) with different classes of inputs (such as unit-peak inputs and componentwise unit-energy inputs) were presented in the monograph [9] . In [10] , the problem of recursively estimating the state uncertainty set of discrete-time systems was investigated. Over the past decade, with the development of multiple Lyapunov functional approaches, Lyapunov functional methods and some new inequalities, researchers took delays and uncertainties problems into account when investigating the reachability of LTI systems. In [11] , sufficient criteria for seeking the bounding ellipsoids for the reachability of LTI systems with time-varying delays and polytopic uncertainties were derived by employing the Lyapunov-Razumikhin method. However, the obtained conditions in [11] are difficult to check as they contain many nonlinear terms. In order to reduce the computational complexity, the modified Lyapunov-Krasovskii (L-K) functional method was used to investigate the problem of the reachable set estimation in [12] , which can be checked conveniently. Then, the reachable set estimation of discrete-time systems with integral bounds was addressed in [13] . In addition, a novel maximal L-K functional approach was proposed in [14] to reduce the conservatism of the reachable set bounding criteria. Besides the above work, Nam and Pathirana [15] and Kwon et al. [16] considered the reachable set estimation problem for LTI systems with different types of time delays. Many important practical systems are actually nonlinear and the so-called Takagi-Sugeno (T-S) fuzzy model has been extensively used to deal with the problem of analysis and synthesis for complex nonlinear systems under disturbances [17] , [18] . Motivated by the safety monitoring of nonlinear systems, the estimation of the reachable set of time-delay T-S fuzzy systems with bounded input disturbances and nonzero initial conditions was studied in [19] . Some researchers investigated the reachable set estimation problem for other types of systems, such as time-delay neural networks and polytopic uncertainties [20] ; linear time-varying systems with delays [21] ; bilinear systems [22] ; switched systems [23] , [24] ; large-scale nonlinear systems [25] ; gene expression system [26] ; singular system [27] ; and positive systems [28] . Moreover, the reachable set estimation criteria of discrete-time systems were proposed in [29] and [30] and zonotopic guaranteed state estimation for uncertain systems was studied in [31] . In light of the reachability analysis results, researchers investigated the reachable set synthesis problem [23] , [32] . These reachable set estimation techniques, however, do not capture the periodic and positivity characteristics of the periodic positive system, which inevitably leads to conservative results. The above reasons motivate this paper.
Notation: The notations employed are fairly standard. N, N 0 , R, and R n denote the set of positive integers, nonnegative integers, real numbers, and n-dimensional Euclidean space. R n×m denotes the set of n×m real matrices.R + denotes the set of non-negative real numbers and R + denotes the set of positive real numbers. Vector x and matrix A with all elements positive (non-negative) are denoted as x >> 0 (x ≥≥ 0) and A >> 0 (A ≥≥ 0). 1 represents column vectors with each entry being 1. The superscript T represents the matrix transpose. The norms ω k 1 , ω 1,1 , and ω ∞,1 are defined as
k=0 ω k 1 , and sup k≥0 ω k 1 , respectively.
II. PROBLEM FORMULATION AND PRELIMINARIES
The discrete-time periodic positive systems considered can be described by the following difference equation:
where x k ∈ R n x is the state vector and ω k ∈ R n ω is the disturbance vector. A k = A k+lN ≥≥ 0 and B ω,k = B ω,k+lN ≥≥ 0, l ∈ N 0 , are N-periodic real matrices with appropriate dimensions. Two possible classes of exogenous disturbances ω will be studied for the reachability analysis and synthesis problems
The reachable sets of system (1) are denoted as
and ω ∈¯
x ¯ + ∞,1
Then, we present the following sets for system (1):
By such definitions, the reachable set x (¯ 
will be employed for the reachable set bounding of system (1).
The following definitions and lemmas, which will be used in the derivation of the reachable set estimation conditions, are first proposed. The definition of positivity for system (1) is given similar to [6] .
Definition 1: System (1) is called positive if for any nonnegative initial condition x k 0 ≥≥ 0 at any initial time k 0 ≥ 0 and all disturbances ω k ≥≥ 0, trajectory
Definition 2 [33] : Suppose V is a linear vector space,
Lemma 2 [33] :
. . , M, be linear functionals defined in the linear space R m , where g l ∈ R m , h l ∈ R, and M ∈ N. If s l (y) is regular for l = 1, 2, . . . , M, then the following statements are identical.
In order to derive the reachable set estimation criteria, two Lyapunov-based inequalities are introduced in the following text which can be obtained by following a manner similar to the proofs of [34, Lemmas 3.1 and 3.2].
Lemma 3: Suppose V(x, k) is a definite positive function [i.e., for any x ∈ R n and k
III. MAIN RESULTS
In this section, the reachable set bounding criteria are derived for different exogenous disturbances. The lifting method and the pseudoperiodic co-positive Lyapunov functional method are employed to derive the reachable set bounding conditions. In order to minimize the bounding hyperpyramids, two optimization approaches are also adopted. In addition, the state-feedback controller design conditions are obtained in light of the results of reachable set estimation.
A. Reachable Set Estimation Conditions

1) Lifting Approach:
Through lifting over a period of N, we can obtain the following LTIs i , i = 0, 1, . . . , N − 1:
where
The reachable set can be estimated through the obtained time-invariant systems. We obtain the following reachability estimation conditions for system (1). Theorem 1: Consider system (1) with zero initial conditions and the class of disturbances¯
then the reachable set x (¯ + 1,1 ) of the positive periodic system (1) is bounded by the union of a set of hyper-pyramids denoted by
Proof:
We adopt a linear co-positive Lyapunov function for system i
+ . The initial condition y 0,i can be obtained as follows for i ∈ 1, 2, . . . , N − 1:
From condition (13), we have
On the other hand, condition (12) ensures that
where ω k,i is defined in (11) . The proof of (20) is as follows:
By adding (20) 
This means that the defined set i (¯
, we conclude that the reachable set x (¯ + 1,1 ) is restricted by the union of a set of hyper-pyramids given by (15) .
Theorem 2: Consider system (1) with zero initial conditions and the class of disturbances¯
then the reachable set x (¯ + ∞,1 ) of periodic positive systems (1) is bounded by the union of a set of hyper-pyramids denoted by
+ . The initial condition y 0,i can be obtained as
From condition (25), we have
holds for i = 1, 2, . . . , N − 1. In addition, for i = 0, we have
On the other hand, condition (24) ensures that
The proof of (31) is as follows:
From (31), we have
which means
As
. . , N − 1, the above inequality ensures
, we conclude that the reachable set x (¯ + ∞,1 ) is restricted by the union of a set of hyper-pyramids denoted by (26) .
2) Pseudoperiodic Lyapunov Functional Approach: The reachable set estimation criteria can also be derived through the pseudoperiodic co-positive Lyapunov functional approach. By using the pseudoperiodic co-positive Lyapunov functional method, the following theorems are proposed.
Theorem 3: Consider system (1) with zero initial conditions and the class of disturbances¯
then the reachable set x (¯ + 1,1 ) of periodic positive system (1) is bounded by the union of a set of hyper-pyramids denoted by
Proof: Construct a pseudoperiodic co-positive Lyapunov functional as
In order to employ Lemma 3, we define
Then, along the trajectory of system (1), we have
Due to the periodicity of p k , conditions (35) and (36) lead to 
where p k = p k+lN ∈ R n x + , l ∈ N 0 . In order to employ Lemma 4, we define
where α k = α k+lN , l ∈ N 0 . Then, along the trajectory of system (1), we have
Due to the periodicity of α k and p k , conditions (42) and (43) lead to
accordingly, I k ≤ 0. By using Lemma 4, we have bounded by i=0,1,...,N−1 ( l=0,1,. .
.,n x C(p l,opt i )).
Remark 2: For disturbances ω ∈¯ + ∞,1 , the computational cost of Theorem 4 is higher than that of Theorem 2 because it is harder to seek the coupled (α k , p k ) pairs in the conditions of Theorem 4. However, the lifting method is inapplicable to the reachable set estimation problem of more general periodic positive systems and the reachable set synthesis problem. In addition, the genetic algorithm (GA) [23] , [35] , [36] can be employed to optimize value of the variables α k in Theorem 4.
As special cases of the pseudoperiodic Lyapunov functions, if all of the p i are set to be the identical, then Theorems 3 and 4 reduce to the common Lyapunov functional approaches. We propose several corollaries for comparison in the following text.
Corollary 1: Consider system (1) with zero initial conditions and the class of disturbances¯ 
B. State-Feedback Controller Design
This section investigates the problem of state-feedback controller design for periodic positive systems with two different exogenous disturbances. Consider system (1) with control inputs
where u k ∈ R n u is the control input vector and B u,k = B u,k+lN , l ∈ N 0 , are N-periodic constant real matrices. For system (54), a periodic state-feedback controller is designed as
where K k = K k+lN , l ∈ N 0 , are N-periodic controller gain matrices to be determined. With this controller, the closed-loop system is given as
In this section, the following reachable set synthesis problem will be investigated. 1) CDP: Given a hyper-pyramid C(η), where η ∈ R n x + , design a state-feedback controller (55) such that the reachable set of the closed-loop system (56) is bounded in the given hyper-pyramid C(η). Remark 4: It is worth mentioning that matrices A k and B u,k are not required to be non-negative. The positivity of the closed-loop system is ensured as long as A k + B u,k K k and B ω,k are non-negative.
Then, the pseudoperiodic co-positive Lyapunov function approach is used to study the state-feedback controller design problem. We have the following theorems for the proposed state-feedback controller design problem.
Theorem 5: Consider system (54) under zero initial conditions and the class of disturbances¯ 
where p i ∈ R n u , i = 0, 1, . . . , N − 1, are given nonzero vectors, then there exists a state-feedback controller in the form of (55) such that the reachable set x (¯ + 1,1 ) of the closedloop system is bounded in the given hyper-pyramid C(η), and a desired controller can be proposed with the controller gains denoted by
Proof: Note that p T i B T u,i p i+1 is a scalar, thus (64) implies
Right-multiplying B T u,i p i+1 on each side of (65), one can obtain
Applying the change of variable z i to (57), one has
In addition, (59) and (60) imply
This equation and (61) ensure the positivity of the closedloop system. According to Theorem 3, conditions (58) and (67) 0, 1, . . . , N, z i ∈ R n x , i = 0, 1, . . . , N − 1, and scalars  0 ≤ α i ≤ 1, i = 0, 1, . . . , N − 1, such that
where p i ∈ R n u , i = 0, 1, . . . , N − 1, are given nonzero vectors, then there exists a state-feedback controller in the form of (55) such that the reachable set x (¯ + ∞,1 ) of the closedloop system is bounded in the given hyper-pyramid C(η), and a desired controller can be proposed with the controller gains denoted by
We omit the proof of Theorem 6 here as it is similar to the proof of Theorem 5. The controller design method used in this paper is inspired by the work of [37] , and the choice of vectors p i is free.
Remark 5: The synthesis problem of positive systems is more difficult compared with that of general systems. A common method used in the literature for the synthesis problem is a two-step iterative method. In order to solve the synthesis problem directly, vectors z i and p i are introduced. The synthesis problem of the single control input case can be solved efficiently by the proposed corollaries. However, the proposed method may lead to a certain level of conservatism for the synthesis problem of the multiple control input case as the rank of controller gain matrices is restricted to be 1.
IV. ILLUSTRATIVE EXAMPLE
We use four numerical examples to illustrate the effectiveness of the results obtained in the above section. Examples 1 and 2 are provided to show the determination of the bounding hyper-pyramids for the reachability of the positive periodic system with different disturbances, ω ∈¯ 
A. Example 1
Consider system (1) with two modes
As A i ≥≥ 0, B ω,i ≥≥ 0, for i = 0, 1, this system is positive. Then, the bounding hyper-pyramids can be determined for the reachability of the system with exogenous disturbances ω ∈¯ + 1,1 by the proposed methods. By solving the MVP and SMAP in regard to Theorem 1, the following optimal solutions are obtained.
When minimizing the capacity of C(p 0 )
The optimal capacity of C(p 0 ) is 0.1489. When minimizing the capacity of C(p 1 )
The optimal capacity of C(p 1 ) is 0.1691. 
By solving the MVP and SMAP in regard to Theorem 3, the following optimal solutions are obtained.
The optimal capacity of C(p 0 ) is 0. 
Moreover, the bounding hyper-pyramids can be calculated by Corollary 1. However, when checking the inequalities in (51), that is
it is shown that they are infeasible for system (78), which means that Corollary 1 is more conservative than Theorem 3.
The 
B. Example 2
As A i ≥≥ 0, B ω,i ≥≥ 0, for i = 0, 1, the above system is positive. Then, the bounding hyper-pyramids can be determined for the reachable set of the system with exogenous disturbances ω ∈¯ 
The optimal capacity of C(p 0 ) is 0.3446. When minimizing the capacity of C(p 1 )
The optimal capacity of C(p 1 ) is 0. 
When minimizing (1/p 12 )
For Theorem 4, GA is employed to seek an optimal solution. The chromosome size is chosen to be 16, the generation number is chosen to be 200, rate of crossover is chosen to be 0.6, mutation rate is chosen to be 0.01, and elitist selection is not employed. By employing GA and solving the MVP and SMAP in regard to Theorem 4, the following optimal solutions are obtained.
The optimal capacity of C(p 0 ) is 0.1424. 
The optimal capacity of C(p 1 ) is 0.0960. 
Moreover, the bounding hyper-pyramids can be decided by Corollaries 2 and 3. Taking Corollary 3, for instance, by optimizing α with a fixed step size 0.0001 and solving the MVP and SMAP in regard to Corollary 3, the following solutions are obtained.
When minimizing the capacity of C(p)
The optimal capacity of C(p) is 0.2185. Figs. 3(a) and 4(a) . The system state under exogenous disturbances ω k = rand(k) (ω ∈¯ + ∞,1 ) is presented in Figs. 3(b) and 4(b) , where rand(.) is a random number picked from a uniform distribution over [0, 1] . Moreover, the conservatism of Corollary 3 is also presented in Fig. 4 .
C. Example 3
Consider system (54) with two modes
Since the product of A 0 and A 1 is not Schur stable, the state of the open-loop system may diverge to infinity. In the following text, we will obtain a state-feedback controller for the above system with disturbances ω ∈¯ 
The corresponding state-feedback controller is given as 
D. Example 4
Consider system (54) with two modes Thus, we have to obtain a state-feedback controller such that the reachable set of closed-loop systems is covered in the given hyper-pyramid.
For disturbances ω ∈¯ + ∞,1 , Theorem 6 can be used to obtain a state-feedback controller. With p 0 = 1, we obtain the following feasible results: 
The corresponding state-feedback controller is designed as 
Using the determined controller, the trajectory of the closedloop system with exogenous disturbances ω k ≡ 1 (ω ∈¯ + ∞,1 ) and ω k = rand(k) (ω ∈¯ + ∞,1 ) is presented in Fig. 8 . As can be seen from these figures, the trajectory of the closed-loop system can be restricted by the obtained hyper-pyramid.
V. CONCLUSION
In this paper, the problems of reachable set estimation and synthesis for discrete-time periodic positive systems with two different disturbances have been studied. The lifting method and the pseudoperiodic co-positive Lyapunov functional approach have been introduced to deduce the reachable set bounding conditions. Two optimization methods have been adopted to minimize the bounding hyper-pyramids. In addition, in light of the reachable set estimation conditions, we have presented the state-feedback controller design conditions. The techniques and ideas utilized in this paper can be applied to other periodic positive systems, such as periodic time-delay systems with positive characteristics, and periodic positive systems with uncertainties.
